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Abstract. Let g be a complex simple Lie algebra and e a nilpotent element in g. 
Identify g with g* via the Killing isomorphism and let x denote the linear function 
on g corresponding to e. To a certain nilpotent subalgebra m attached to X) called a 
X-admissible subalgebra of g, we associate an endomorphism algebra H{q, e, m). When 
m is constructed from a good grading for e, we recover the finite VK-algebra associated 
to e and it is well-known that gr^r ^^(g, e, m) is isomorphic to C[S] as a graded Poisson 
algebra where S is the Slodowy slice of e and J- is the Kazhdan filtration, [151 [7]. 

In this paper, we consider the case where g — slp„(C) and e consists of p Jordan 
blocks all of the same size n. Here, the only good grading for e is the Dynkin grading 
and we construct x-admissible subalgebras non isomorphic to the one derived from this 
good grading. For these algebras m, we prove that grii'(g,e,m) ~ C[S], generalizing 
Premet and Gan-Ginzburg's result in this particular case, where S denotes an analogue 
to the Slodowy slice. 

1. Introduction 

1.1. Let be a complex simple Lie algebra and e a nilpotent element in q. Since the 
Killing form ( , ) of g is non-degenerate, it induces an isomorphism k : g — )• g* and let 
X '■= ^(e) be the linear function on q corresponding to e. By the Jacobson-Morosov 
Theorem, there exist two elements h and / of g such that (e, h, f) forms an s[2-triple 
in g. In particular, the element h is semisimple and its eigenvalues are integers, which 
defines a Z-grading (called the Dynkin grading) g = ®i£^Qih,i) where g{h,i) := {x G 
g ; [h, x] = ix}. Let 

Px ■= 0(^' ^) and := g{h, i) 

i^O i<0 

be the Jacobson-Morosov parabolic subalgebra of the s[2-triple (e, h, /) and m^^ the nil- 
radical of the opposite parabolic p~. Note that both parabolic subalgebras and p~ 
are with Levi factor g(/i, 0) = n p~. 

The adjoint group G of g acts on g and its dual g* by the adjoint action and the 
coadjoint action respectively. For x in g (resp. g*), denote by G.x the adjoint (resp. 
coadjoint) orbit of x, G{x) the centralizer of x in G and g^ = 'L\eG{x) the centralizer of 
X in g. It follows from the representation theory of s[2 that the restriction to g(/i, —1) x 
g(/i, —1) of the skew-symmetric bilinear form (x, y) i— >■ v]) is non-degenerate and for 
a Lagrangian subspace [ of g(/i, —1) with respect to this form, the nilpotent subalgebra 
m = [® ©,<_2 0(^)j) verifies the three following properties: 



(Al) 
(A2) 
(A3) 



X([m,m]) = {0} ; 
mng^ = {0} ; 
dimm = (dimG.e)/2. 
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To the nilpotent element e and the nilpotent subalgebra m, we associate an endomor- 
phism algebra H{Q,x,fn), called finite W -algebra, for which we review a construction 
below, see e.g. |15) or [7]- Finite VF-algebras were introduced by Premet in |15| . Before 
that, in the case where e is an even nilpotent element, (i.e. Q{h,l) = Q{h,—1) = {0}), 
these algebras already appeared in the Pli.D thesis of Lynch (cf. |14j). The case where e 
is a principal nilpotent element (i.e. e is regular) was considered by Kostant, [12]. The 
study of finite M^-algebras has attracted lot of mathematicians these recent years, partic- 
ularly for their importance in the representation theory of q as shows up the Skryabin's 
equivalence |17| . See |13) for a survey on recent developments in this theory. 

Let U{q) and U{m) be the universal enveloping algebras of g and m respectively. By 
the above property (Al), the linear function x restricts to a character of m. The latter 
extends to a representation x '■ U{m) — )> C of U{m) and we denote by C^^ its image. The 
right multiplication by an element of m induces a structure of a right C/(m)-module on 
U{q) and C,^ has a structure of a left C/(m)-module obtained from the character x- Let 
I{q, X, in) be the left ideal of U (g) generated by the elements x — xi^)^ for all x G m. Set 

QiQ,X,m) := U{q) 0,7(„) ~ U{Q)/I{Q,x,m). 

The adjoint action of m on g uniquely extends to an action of m on U{q). The 
ideal I(g, x,Tri) is stable under this action of m because 9{m){x — x{x)) = [w.,x] and 
x([?7i, x]) = for all m,x € m. The finite l^/'-algebra ff(g,x,ni) is the subspace of all 
invariant elements of Q{x^'^) that is: 

(1)^(0, X,m) = {^i + ^(0,X,m) G Q(B,X,m) ; 6'(m)(u) G /(g,x,m), for all m G m}, 

and we have 

H{Q,x,m) ^ Endc/(g)(?7(g) C;^)°''. 

The algebra structure on ff(g,x,nT) is defined by: (n + I{q,x-,'^)){v + -^(fliXi^n)) '■= 
uv + /(g, X, m) for u + /(g, x, m) and v + /(g, x, m) in H{g, x, m). 

In general, if g = ©jg^gi is a good grading for e (i.e. e G g2 and the linear map 
ade : Qj — >■ Qj+2 is injective for all j ^ — 1 and surjective for all j ^ —1) or [1], 
then the restriction of the skew-symmetric bilinear form (x,y) i— )> x([^)?/]) to g_i x g_i 
is non-degenerate and the nilpotent subalgebra m = [© ©j<-2 5i verifies the above 
properties (Al), (A2) and (A3) for all Lagrangian subspace [ of g_i. Thus we define an 
endomorphism algebra i7(g,x,m) by formula ([?]). An important fact is that i^(g,x,Tn) 
is independent of the choice of the Lagrangian subspace [ of g_i, see [1] (or [7J for the case 
where the good grading is the Dynkin one). Moreover, Brundan and Goodwin prove that 
//(g,X,Tn) only depends, up to isomorphism, on e, and does not depend on the choice 
of the good grading for e, [H Theorem 1]. 

In this context, we have a natural definition: 

Definition 1. A subalgebra m of q is called x-admissible if it is nilpotent and it satisfies 
the above three properties (Al), (A2) and (A3). 

In more details, for any nilpotent x-admissible subalgebra m, we can define an endo- 
morphism algebra //(g,x,m) using formula ([1]) and it is natural to ask if this algebra 
depends, up to isomorphism, on the choice of the algebra m. Definition [1] may be viewed 
as an analogue of [15^ Definition 2.3] for a field of characteristic zero (here our base 
field is C but the definition makes sense for any field of characteristic zero). In the case 
where the base field has characteristic p > 0, Premet proves that the finite VF-algebra 
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associated to a nilpotent element and a x-admissible subalgebra m (within the mean- 
ing in |15l Definition 2.3]) does not depend, up to isomorphism, on the choice of the 
X-admissible subalgebra m, \15\ Proposition 2.6]. In the case of characteristic zero, the 
problem remains open. 

1.2. In this paper, we consider the case where g = 5[p„(C), with p, n E N \ {0, 1}, and 
where e is a nilpotent element associated to the partition [n, . . . ,n] of pn. Thus, e is an 

p times 

even nilpotent element and it follows from Theorem 4.2] that the Dynkin grading is the 
only good grading for e. We construct in this paper a set H of x-admissible subalgebras 
strictly containing (Theorem 12. 7p . Precisely, there exists m S H \ {tn^} such that 
m and m,^ are not isomorphic as Lie algebras (Proposition I2.13p . Thus we construct 
"new" x-admissible subalgebras. To know if the algebra i7(3,x,m), for m G H, defined 
by formula ([1]) depends on the choice of the subalgebra m € H remains an ambitious 
problem. Here we begin by proving some interesting properties of the algebra H{q, x, m), 
for m G H. When m = m^^, the case is well-known and /7(0,x,m) is the finite VF-algebra 
as considered in [16| . see also [2]. It can be described as a quotient of the Yangian ^p^n 
associated to the Lie algebra s[p„. Our main result may be summarized as follows (see 
Theorem 13. 4| Proposition 13.81 Theorem 14.71 and Theorem 15. 7p : 

Theorem 1. Letm € H. There exists a filtration on the enveloping algebra U{q) which 
induces a filtration on the algebra H(q,x,'<^) o,nd there exists a variety 5 C x + Tn°; 
transversal to the coadjoint orbits in q* , such that gijr H{q,x,^) — C[S] as graded 
Poisson algebras. (Here, m° denotes the annihilator of m in q* .) 

Moreover, the Skryabin's correspondence holds: we have an equivalence of categories 
between the abelian category of finitely generated left U{Q)-modules on which m — x(Tn) 
acts locally nilpotently and the category of finitely generated left H{Q,x,T^)-'m'Odules. 

When m = m^^, the variety S is the Slodowy slice x + (fl^)* a-nd is the Kazhdan 
filtration (cf. O Section 4]). Theorem [1] extends Premet-Gan-Ginzburg's results in our 
particular case (cf. |15| Theorem 6.4] and IT, Theorem 4.1]). In order to prove this, we 
use similar arguments to those of [7|. The principal difficulty is to construct a variety S 
that verifies some "good" properties. This is the reason why we restrict ourselves to a 
particular case. 

The rest of this paper is organized as follows. 

In Section[2l we construct the set S of certain x-admissible subalgebras of g = s[p„(C). 
From Section [3] till the end of the paper, we fix m € H. The variety S C x + Tn° 
is introduced and studied in Section [3l In particular, we prove in this section that S 
is transversal to the coadjoint orbits (Theorem 13. 4p and that C[5] actually admits a 
natural Poisson structure (induced by the Poisson structure on C[g*]), cf. Proposition 
13.81 We define a filtration T and set up some of its properties in the Section This 
description leads to Theorem 14.71 Section [5] is devoted to the proof of Theorem 14.71 We 
also emphasize in this Section that the Skryabin's correspondence holds for any m G H 
(cf. Theorem 15. 7p . 
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2. X-ADMISSIBLE SUBALGEBRAS OF s[p„(C) IN A PARTICULAR CASE 

Let (p, n) G (N\ {0, 1})^. In this section, g is the simple Lie algebra 5[p„(C) consisting 
of size pn square matrices of trace zero, f) is the Cartan subalgebra of g consisting of 
diagonal matrices and TZ is the root system of q relative to f). Let bo be the Borel 
subalgebra of g consisting of upper triangular matrices. For all S {!,..., pn}^, 

denote by E'jj the square matrix of size pn which has value 1 in the (i,j)-th entry and 
all other entries are (called an elementary matrix). Let Aq be the set of simple roots 
associated to bo and 7^^^ the corresponding set of positive roots. For any a G 7^, denote 
by Xa the unique elementary matrix generating the a-root space g". It will be convenient 
to index the elements of Aq as follows: For i € {!,••• ,n — 1} and j € {!,••• 
we denote by aj^i the element of IZ whose corresponding root space is generated by 
£^(j_i)„_l_j^(j_i)„_l_j_l_i and for j G {1, • • • ,p — 1}, we denote by f3j the element of TZ whose 
corresponding root space is generated by Ejnjn+i- Thus 

Aq = {oj^iji^j^p U{/3i,...,/3p_i} 
and the corresponding Dynkin diagram is 



ai,i ai,2 



(2) 



/3i 
-O- 



Ol2,l 



Ol2,n-l 



P2 



/3p- 



For a subset P of IZ, we denote by g'^ the subspace of g generated by the a-root spaces 



TV 

where a runs through P. For example, = bo- Recall that the set of nilpotent 

orbits of slpri(C) is parametrized by the set of partitions of pn. We consider the s[2-triple 
(e,/i,/) ofs[p„(C), 



e := 











J n 



h :-- 











Da 



f--- 





Kn 



where J„, D„ and Kn are the square matrices of size n given by 



Jn. • " 



with di 



1 



1 




di 







dn 



Kn :-- 





^1 



n 



+ l — 2i for all i G {1, . . . ,n} and fij := j{n — j) for all j S {1, 




have h £ i) and e S bo- The nilpotent element e is associated to the partition fn 

p times 

Remark 2.1. The elements of q'^ (resp. ) are the zero trace matrices with p^ square 
blocks of size n which are polynomials in Jn (resp. Kn). We deduce that 

dimg"^ = dimg-^ = p^n - 1 and (dimG.e)/2 = — — -. 

Note also that e is an even nilpotent element (i.e. Q{h,i) = {0} for all odd i) and that 
g(/i, 0) is isomorphic to (glp(C) © • • • © glp(C)) n sipn{C). It follows from ^ Theorem 



4.2] that g = ®i^^Q{h,i) is the unique good grading for e. The subalgebra m^^ := 
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©i<o ^) ^ X"3'dmissible subalgebra of q (cf. Definition [T]) because e is even. Our 
aim in this section is to construct other subalgebras of g that are f)-stable (i.e. stable 
under the adjoint action of t)) and x-admissible. The intersection Q{h,0) H bo is a Borel 
subalgebra of g{h, 0) and 

b~ := {s{h,0) n bo) ©m^ 
is a Borel subalgebra of g contained in and containing f). We denote by n~ its nilradical 
and by b the Borel subalgebra of g opposite of b^. We will search for subalgebras of g 
that are f}-stable and x-admissible amongst the subalgebras of g contained in n~. Let 
A be the set of simple roots associated to b and T^J the corresponding set of positive 
roots. 

Lemma 2.2. We have 

A:= {6i;i = !,■■■ ,n - 1} U {ej^i ■ j = !,■■■ ,p - 1, i = 1, ■ ■ ■ n}, 

where, for i = 1, - ■ ■ ,n — 1, 

Si ■= H h ai,„_i + /3i + a2,i H h ap_i,„_i + + ap,i H h ap,i 

and for j = 1, • • • ,p-l, 

«i,n-i - /3j ifi = '^; 

-j,^ - \ ~f^j ~ Oj+i.n-i ifi = n; 

-Oij^i — ■ ■ ■ — aj^n-i — /3j — CKj+1,1 — • • • — aj+i^j-i otherwise. 

Proof. The set = {sj^i ; j = 1, - ■ ■ ,p—l,i = l,---n}U{6i;i = l,--- , n— 1} generates 
a root subsystem of 7^ whose simple roots are the elements of B admitting the following 
Dynkin diagram: 

£2,1 £1,1 Si £p-l,2 El, 2 S2 <5n-l El," 



The root spaces relative to this positive root system generate the Borel subalgebra b. 
Thus we have B = A. □ 

Let i S Z \ {0}. Denote by TZ^{i) the subset of TZ consisting of roots of height i with 
respect to the base A. This induces a Z- grading on g by setting 

g(A,i):=g^AW if ^ ^ Q; 

g(A,0) :=f,. 
Thus, 

pn—l 

n-=g-^i= 0g(A,-i). 

i=l 

Let h' be the semisimple element of g defined by the grading g = ^j^^q{A, j), i.e. 
g(A,j) = {x G g I adh'{x) = jx}, for all j G Z. 

By Remark 12.11 notice that g*^ and g-^ are ad /I'-stable. We represent on Figure [1] the 
sets TZ/\{i) for p = 4 and n = 3. Precisely, on the square matrix of size 12 of this figure, 
we have written down i on the {k, l)-th entry if E^^i generates an a-root space g" with 
a of height i (and if E^^^^ belongs to f)). The indices corresponding to the roots of A 
are framed. The following lemma can so be easily verified using Lemma 12.21 
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Figure 1. The sets TZAii) for p = 4 and n = 3 

Lemma 2.3. We have: 

(i) 7^A(p(n - 1) + 1) = {-/3, ; i = 1, • • • ,p - 1}, 

(ii) TZa{p) = ; J = ^ = li ■ ■ ■ — = supp(e) where supp(e) is the 
support of e, that is the set of roots a & TZ for which the -component of e in the 
decomposition g = f) © ©ctgT^ fl" ^-^ non-zero. 

For r, s € {1, • • • we set 

Er,s := span{£'fc_/ ; {k,l) E {(r - l)n + 1, • • • ,rn} x {(s - l)n + 1, • • • ,sn}}, 

and 

TZr,s := {a e 7^ ; C E^,,}. 
For r, s G {1, • • • ,p} verifying r < s, we set 

|/3r.,/3s_i] := /3r+ar+i,iH har+i,„_i+/3r+iH h/3s-2+as-i,iH has-i,n-i+^s-i, 

sum of all roots between fir and /3s_i in the diagram ([2]). Using Lemma [2 .21 and Lemma 
I2.3| the reader may easily verify the following lemma: 

Lemma 2.4. Let r, s G {1, • • • ,p} such that r < s. 

(i) The subset TZr,s is contained in Tt^^ and we have 

Ur^s = {a G 7^; 1/3^, /S^-i] a^,! H \- ar,n-i + IPr, Ps-ij + as,i H h as,„_i}, 

where ^ denotes the partial order on TZ relative to Aq, i.e. for q,/3 G T?., loe /lawe a ^ /3 
if and only if 13 — a ^ ^Ao ■ 

(ii) For i,j G {1, • • • ,n}, the elementary matrix ii^(r-i)n+i,(s-i)n+j generates the root 
space where a = ar^i + • • • + ar,n-i + [/^r; /3s-il + Ois,i + • • • + Ogj-i, and the root a 
is of height (r — s) + {j — i)p with respect to the base A. 

For i G Z \ {0}, 1 ^ r, s ^ p, we set 

Tlr,s{i) = TZr,s n TZ^ii)- 

Lemma 2.5. (i) For r,s {1, • • • ,p} such that r < s, we have 

TZr,sir - s) = {-{er,k + £r+i,k H h es-i,k) ; k = I,-- - ,n}. 

(ii) The intersection n g~^i is generated by the elements, 
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l3e'R.r,s{r-s) 

for all r, s E {1, • • • ,p} such that r < s. 

(iii) The intersection q-I" fl g^i is generated by the elements, 

/9e7^r,s{r■"s) 

for all r, s G {1, ■ ■ ■ ,p} such that r < s. 

Proof. The assertion (i) follows from Lemma 12.21 and Lemma 12.4( 11). Next, by Remark 
12.11 and Lemma |2.4[ we deduce (11) and (111). □ 

For any subset Ai of TZ, we set 

Mi:= MnTlAii) (i/0). 

We say that a subset of 7?. Is closed If given a, /3 G verifying q + /? € 7^, then 
a + /3 € tVI, cf. e.g. |18| Definition 18.10.1]. If 7W Is a closed subset of TZ^, we remark 
that g~'^ Is a (nllpotent) t)-stable subalgebra of g contained In n~. 

Lemma 2.6. Let M- be a closed subset ofTZ\. 

(I) We have x{[q'^,Q'^]) = {0} if and only if {M^ + Mp-i) H TZ = for all 

ie {!,■■■ 1}; 

(II) The intersection g^ n 0"''^ is zero if and only if the subset TZr,s{f — s) is not 
contained in —M.s-r for a// r, s € {1, • • • ,p} such that r < s. 

pn—l 

Proof. Since Ai Is contained In IZ^, we have g'-'^ = Moreover, since A4 Is 

1=1 

closed, we have {A4i + Mj) H 7^ C Mi^j for all i,j G Z. Hence the assertion (1) Is clear 
because the support of e Is TZ^ip) by Lemma [2.3( 11). 

The assertion (11) follows from Remark 12.11 and Lemma 12.5( 11). □ 

Theorem 2.7. Let JVi be a closed subset ofTZ^. Then, g^'^ is a x-admissible subalgebra 
of g if and only if the following conditions hold: 

(CI) {Mi + Mp-i) mZ = for alii e {!,■■■ ,p- 1}; 

(C2) 7?.r,s(r — s) (t —A4s-r for all r,s G {1, • • • ,p} such that r < s; 

(C3) cardA^j + cardAlp-j = p{n — 1) for all i G {1, ■ ■ ■ ,p — 1} and Mi = 7^a(0 fof 
all i'^ p. 

Thus, we have an one-to-one correspondence between the closed subsets M ofTZ'^ verify- 
ing conditions (CI), (C2) and (C3) and \)-stable x-admissible subalgebras of g contained 
in n~ . 

For example, with 

pn—l 

M^:= \J TZrAp + r - s) U LI 7^A(^), 

l^r<s^p i=p 

we have g~-^^ = m^^. Before proving Theorem 12. 7| we show: 
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Lemma 2.8. Let M. he a subset ofTZ^ verifying conditions (CI) and (C2) of Theorem 
\2.7[ Then for i G {1, . . . ,p — 1}, we have 

card Alj + cardAip-i ^ p{n — 1). 
Proof. Let i G {1, . . . ,p — 1}. We shall introduce some additional notations. We set 

r(i) := KAii) n (-7^+ J, := n^ii) n 7^+^. 

We have: 

T{i) = □ TfcW, 
fc=i 

where 

= {Xi,k,i '■= £k+i-i,i H — + £k,i ;' = !,••• > "-}■ 
As well, we readily verify that 

i 

S{i) = □ Sk{i), 

k=l 

where 

Siii) = ■= Si + H ^ ep-j+i,«+i ; ^ = 1, • • • ,n-l}, 

and for A; 7^ 1, 

'S'fc(*) = {fJ-i,k,i '■= £k-i,i + • • • + ^1,/ + Si + Ep^ij+i + • • • + Ek+p^i^i+i ; / = 1, • • • , n — 1}. 
We have 

cardT(z) = n{p — i) and cardS'(i) = i{n — 1). 
We have obtained a partition of lZ^{i) given by: 

p—i i 

n^ii) = T(i) u s(i) = □ nii) u □ Skd). 

k=l k=l 

For A; G {1, • • • ,p — i} and / G {1, • • • n — 1}, we have: 

• Aj^fc.z + fJ'p-i,k,l € ^ and fJ.p-^k,l + K,k,l+i € 7^; 

• For all a G 7^A(^) \ {A^^fc,/, Ai,fe,i+i}, a + i^p-i,k,i ^ ^■ 

We deduce that for /c G {1, •• • ,p — i} (resp. /c G {1, • • • , i}), the roots of Tfe(i) US'fc (p — i) 
(resp. rfc(p — i) U Sk{i)) form a base of a root system of type A2n-i, whose Dynkin 
diagram is given by (jSj): 

(3) O O O O — ■ • • — O O O O 

— j,k,l f^p — j,k,2 ^p—j,k,n — 2 — j,k,n—l 

where j = i (resp. j = p — i). Now let 7W be a subset of TZ\ verifying conditions (CI) 
and (C2) of Theorem 12.71 and i G {1, . . . ,p — 1}. The defined partitions of TZ^{i) and 
Tt^{p — i) induce partitions on ^Ai and TWp^j, 

(4) MiUMp-i = \J{M,\JMp-i)r\{n{i)\JSk{p-i)) 

k=l 

i 

U \J{MiUMp-i)r\{Sk{i)V^Tk{p-i)). 

k=l 



Condition (CI) yields that for any k € {1, . . . ,p — i}, we have 

(5) card((Xi U Mp^i) n (Tkii) U Sk{p - i))) ^ n 
and that for any k G {1, ...,«}, we have 

(6) card((7Wi U Mp-i) n (5fc(i) U Tk{p - i))) ^ n 

which corresponds to the choice of pairwise orthogonal roots in each diagram ([3]). 
If there exists k € {1, . . . ,p — or A; G {1, •••,?} such that we have an equality in ([S]) or 
dni), then condition (C2) is not satisfied by Lemma [2.6( ii) and Lemma [2.5l fii). Therefore, 
for all k G {1, . . . ,p — i}, we have 

card((A^i U Mp-i) n {Tk{i) U Sk{p - i))) ^ n - 1, 
and for all k G {1, . . . , i}, we have 

card((Mz U7Wp_i) n {Sk{i) l^Tk{p - i))) ^ n - L 
By ([3]) we deduce that 

cardA^i + cardA4p_j ^ {p — i){n — 1) + i{n — 1) = p{n — 1). 

□ 

Proof of Theorem \2. 71 Suppose that 0~"^ is a ^-admissible subalgebra of g. By proper- 
ties (Al) and (A2) of Definition [1] and Lemma [2. 61 conditions (CI) and (C2) are verified. 
Let us prove that condition (C3) holds. Let i G {1, . . . ,p — 1}. By Lemma [2.8| we have 

cardA^j + cardA^p_i ^ p{n — 1). 

Therefore, we have: 

^ pn-l 

dimg"-^ = cardAI = 2 ^ (cardA^i + card A^p_j) + ^ cardTWj 

IS^i^p— 1 i=p 

1 \ - , , \ - p n(n—l] 

(7) ^ 2 ^ p(n-l)+ card7^A(^) = ^^^^ 

l^i^p— 1 i=p 

because card7^A(^) = pn — i. Property (A3) of Definition [1] yields that the inequality in 
([7|) is actually an equality. Hence condition (C3) is satisfied. 

Conversely, suppose that Ai verifies conditions (CI), (C2) and (C3). First, g^-^ 
verifies properties (Al) and (A2) by Lemma 12.61 On the other hand, by condition (C3) 
we see that, in ([7]), we have an equality. Therefore, property (A3) of Definition [1] is 
satisfied. At last, since is contained in n~, is nilpotent. In conclusion, g^-^ 

is x-admissible and the theorem is proved. □ 

Remark 2.9. Suppose p = 2. In this case, Theorem \2. 71 can he stated in a simplier way: 
If M. is a closed subset of TZ'^, then the subalgebra g^-^ o/n^ is x-O'dmissible if and only 
if Ml contains n — 1 roots of A pairwise orthogonal and A4i = TZa{i) for all i^2. In 
this case, we notice that g^-^ is an ideal ofh. Furthermore, the condition "closed" is 
superfluous. 

Example 2.10. Letp = 2 andn = 3. The subsets of A consisting of pairwise orthogonal 
roots are 

{61,62} = M^, {(5i,e3}, {£1,62], {ei,e2], {e2,e3} , {e3,ei}- 
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For any choice of Mi amongst these subsets, the set A4i U|Ji>2'^^(^) closed. Thus 
we obtain the l)-stable and x-O'dniissible subalgebras of Q contained in n~ as described 
below. We denote by m(7Wi) the subalgebra 
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m({e2, £3}) = 














m({e3,ei}) = 
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We end this section by Propositions 12.121 and 12.131 which prove that Theorem 12.71 
provides "new" x-admissible subalgebras. The proof of the following lemma is left to 
the reader: 

Lemma 2.11. Let a be a nilpotent l)-stable subalgebra of b. Then there exists a closed 
subset P of TZ'^ such that a = and we have: 

(i) = b © where a"*" is the orthogonal complement of a in g with respect to the 
Killing form of q and Q = TZ^ \ P; 

(ii) 0"*" is a subalgebra of q if and only if a is the nilradical of a parabolic subalgebra of 

0- 

Proposition 2.12. Let Ai be a closed subset of TZ'^ different from and verifying 
conditions (CI), (C2) and (C3) of Theorem \2. 71 Then g""'^ is not the nilradical of a 
parabolic subalgebra of q. 

Proof. By Lemma [2.1ir i). we have 

(g--^)^ = ©S<3 where Q = 7eA(l) \ Mi U • • • U 7^A(p - 1) \ A^p-i- 

Since M. 7^ A^x' there exists i S {1, • • • ,p — 1} such that Mi fl (— T^Aq) 
keep the notations of the proof of Lemma 12.81 There exists k E {1, • • • ,p — i} such 
that Tk{i) r\M^ = Tk{i) r\M ^ 0. Since M verifies conditions (CI), (C2) and (C3) 
of Theorem 12.71 we have card(Tfc(i) fl M.i) + CBid{Sk{p — i) fl Mp-i) = n — 1. Thus 
there exists j G {1, • ' ' )^ ~ 1} such that either the pair {fip-i^kj^ K,k,j+i) does not 
belong to A4p-i x Mi, or the pair {Xi^kj^ fJ'p-i,k,j) does not belong to Mi x Mp-i. But 
l^p-i,k,j + K,k,j+i s-iid Aj^fcj- + fip-i^k,j S'l'e roots of TZ by the proof of Lemma 12.81 and 
have height p. Therefore, under the assumptions of the proposition, there exist a,(3 ^ Q 
verifying a G TZ^ii) \ Mi and /3 G 7^a(p - i)\ Mp-i with a + /3 G TZ^{p) = Mp. In 
particular, and Xp belong to g'^ C (g"''^)^, yet X^+p does not belong to (g^''^)^- 
In other words, (g^''^)^ is not a subalgebra of g and the proposition follows by Lemma 
EHJii). □ 
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Proposition 2.13. There exists a closed subset M. oflZ\ different from M.^ and ver- 
ifying conditions (CI), (C2) and (C3) of Theorem \2. 71 such that g"''^ is not isomorphic 
to Q^'^^ as Lie algebras. 

Proof. Let us keep the notations of the proof of Lemma [2 .81 Set M := AAiU. . . U A^p„_i, 
where 

Mi := {Xi,k,i; 1 A; ^ p - i, 1 ^ / ^ n - 1} for i e {1, • • • ,P - 1}, 

and 

Mi = TZ^ii) for i ^ p. 
Then Ai verifies all the conditions of Theorem 12.71 and since we are in type A, one 
obtains from a straightforward computation that 

dim[0-^,g"-^] = card{aG7^A(A;); l^A:^2p-l,0"c [g--^,0--^]} 

+ card { a € T^a (^) ; ^ ^ 2p } 

= — [p^n^ — {p^ + 6p — 4)n + 8p — 6] . 

On the other hand, from the equality [mj(.,mj^] = ©j<_4 0(/i, j), we deduce that 

p\n-l){n-2) 
dim[m;^,m;^] = . 

We prove by induction on n that 

dim[0^^, 0^-^^] > dim[m;^, m^^]. 
The proposition is now clear. □ 
Example 13. II in the following section gives a subset M. as described in the above proof. 

3. An analogue of the Slodowy slice and the Poisson structure 

Continue with notations as in the previous section. Let 7W be a subset of TZ'^ verifying 
conditions (CI), (C2) and (C3) of Theorem 12. 7| and set m := 0"''^ the corresponding 
f)-stable and x-admissible subalgebra of contained in n~. We construct in this section 
an afiine variety iS having similar properties to those of the Slodowy slice, x + (0*^)*- 
Recall by condition (C2) of Theorem 12.71 that the set TZr,sii^ — s) is not contained in 

—A4s-r for all r,s & {1, • • • ,p} such that r < s. Then we set 



/3 S 7Jr,a{r-s) 

We define an ad/i-stable and ad/i'-stable subspace 5{M) of by setting 

(8) s(A^):=(00(A,j)n0Oe Yl '^s^''- 

In particular, 5{M) C 0(A,-i) because for all r, s E {1, • • • ,p} such that r < s we 

i^p—l 

have s — r £ {1, • • • ,p — 1}. When A4 = M^^, note that 5{M) = . From now on, the 
subspace 5{M) will be simply denoted by s. 

Example 3.1. Consider the case where p = 3 and n = 3. We represent on Figure\^ 
the subalgebra m = 0^"^ and the subspace s = 5{M) for A4i = {ei,i, ei,2) ^2,1; £2,2}; 
M2 = {£2,1 + £1,1, £2,2 + £1,2} and Mi = TZ/\{i) for i ^ 3. 
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Figure 2. The subspace s = s(A4) for p = 3 and n = 3 

Lemma 3.2. (i) We have the inclusions 5 C m-*- and C ©j<p_i 0(A, j) where 
is the orthogonal complement ofm in q with respect to the Killing form of g. 
(ii) We have g = [g, e] © s and m-*- = [m, e] © s. 

Proof, (i) By condition (C3) of Theorem 12.71 the subspace ®j^_pg(A,j) is contained 
in m. Therefore, m"*" C ©j<p_]^ g(A, j). Moreover, the subspace s is contained in m"*". 
In fact, S"^'* belongs to m-*- for ah (r, s) by construction and ©^•^Qg(A, j) C because 
m is contained in 0^.<_-|^ g(A, j). 

(ii) Recah that g = [g, e] © g-^. For the first equahty, it suffices to show that: dims = 
dimg'^ and [g,e] Pis = {0}. By using Remark 12.11 and since g-'^ is ad /i'- stable, we have. 



dim(0g(A,i) ng-^) = dimg^ - dim(g(A, 1) n gO 



dim(g(A,p- 1) ng-'') 



dimg^ - (p - 1) - (p - 2) 1 = dimg-^ - ^^^-il. 



Therefore, we obtain 



dims = ( dimg-'^ — — + ^^(p — i) = dimg-^ 



Let X = y + Qr^sS^'^ be an element of s Pi [g, e] where y £ ^^g(A,j) PI Q-^ and 

Ur^s £ C for all (r, s). Let us prove that x = 0. As s and [g,e] are ad /I'-stable, we can 
assume that x belongs to g(A, j) for some j ^ p — 1. 

• If J € {1, . . . ,p — 1}, then x = Ur^sS"'^- By our hypothese, x belongs to 

[g,e] = (g"^)^. Recall that X^'* was defined in Lemma [231 11). For all r, s G {!,..., p} 
verifying r < s, we have {x,X^'^) = 0, which forces a^^s = for all (r, s) because 
{S'''' , X'''') / 0. Hence x = 0. 

• If J ^ 0, then X G g-'^. Therefore, x = because [g, e] PI g-'^ = {0}. 

Let us prove the second equality. By (i), s is contained in m-*-. Let us show that 
dimm^ = dim[m, e] + dims. As e is even, we have dimg-^ = dimg(/i, 0). On the other 
hand, by properties (A2) and (A3) of Definition [U we have dimm = dimm,^ = dim[m, e] 
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and dimrriv = dimm-'-. But 

A 

dimm^ = dim^^ i) = dimrri;^ + dimg-^. 

Hence we obtain 

dimm"'" = dimm + dimg-^ = dim[m, e] + dimg-^ = dim[m, e] + dims, 

since dims = dimg-^. From what foregoes, we have s Pi [g,e] = {0}. In particular, 
s n [m, e] = {0}. So, m"^ = [m, e] s. □ 

Recall that the Killing form of g induces an isomorphism k : g — > g* , x i— t- {x,-) and 
that the adjoint group G of g acts on g and g* by the adjoint action and the coadjoint 
action respectively. We set 

S:=X + '^{5) C g*. 
The article of Gan-Ginzburg [7J concerns the case where s = g-'^ (i.e. m = m,^). Here, 
we shall study properties of the variety S following the ideas of [7, Section 2]. Let 
7 : C* — >■ G be the one-parameter subgroup generated by adh'. Thus, for all j G Z, we 
have 

g(A, j) = {x G g ; j{t){x) = t^x, for all t G C*}. 
We define an action p of C* on g by setting, for all i G C* and all x G g: 

pmx) = tpjit-'){x). 

For X G g(A,j) and t G C*, we have p{t){x) = t~^~^^x. In particular, since e G g(A,p), 
we have p{t){e) = e. 

Lemma 3.3. The action p stabilizes e+s and e + m"*" and it is contracting on these two 
varieties, i.e. limp(i)(e + x) = e for all x G m^. 

Proof. Since s and m^ are ad /i'-stable, p stabilizes e + s and e + m"*". Moreover, by 
Lemma [3.2l !'i). we have lim p(t)(e + x) = e for all x G m^. □ 

Theorem 3.4. The affine variety 5 = x + ^(s) {resp. x + transversal to the 

coadjoint orbits of q* , where m° is the annihilator of m in g*. Precisely, for a// ^ G 5 
{resp. e ex + m°), we have T^{G.^)+mS) = g* {resp. T^{G.O + T^{x + m°) = g*). 

Proof. We will prove the theorem for S. The same arguments apply for m° by Lemma 
13.21 and Lemma 13.31 

Identify g to g* via the isomorphism k. For all x G e + s, we have Tx{G.x) = [g,x] 
and Ta;(e + s) = s. So it suffices to show that, for all x G e + s, [g, x] + s = g. Let us fix 
X G e + s. 

Let 77 : G X (e + s) ^ g be the adjoint action map. For all {g,X) G G x (e+s), 
V G TgG and w 5, the differential map of rj at {g,X) is given by (cf. e.g. [181 
Proposition 29.1.4]): 

(9) dr](^g^x){v,w) = g{[v,X]) + g{w). 

Thus dr/^itj e)(f , li;) = [v,e] + w. We deduce that the map dr/(i(j g) is surjective because 
[g,e] +s = g (cf. Lemma [3.2r ii)). Therefore, dr](^i^x) surjective for all X in some open 
neighborhood of e in e + s. Since the morphism rj is G-equivariant for the action given 
by a.{b,x) = {ab,x), we deduce that the map dr]i^^x) is surjective for all X G ^ and 
a (z G. By ([9]), we obtain 

g = [g,X] +s 



14 

for all X eV. Set Y := {p{t){x) ; t G C*} and denote by Z the closure of 1" in e + 5. 
Since the C*-action on e + s is contracting, e belongs to Z. Thus V OY ^ 0. 

Let X £ V and t £ C* such that X = p{t){x). Since ^{t~^) is a Lie automorphism of 
g, we have 

[0,X] = [Q,p{t){x)\ = [Q,tPj{t-'){x)] = i^[QMt-'){x)] 

= t^[7r')(0),7r')(^)] = t"7r')([0,x]) = p(t)([g,x]). 

We have obtained g = [g, X]+s = p(t)([g, x]+s) because p{t){s) = s, whence g = [g, x]+s 
which completes the proof of the theorem. □ 

Let M be the unipotent subgroup of G with Lie algebra m. 

Lemma 3.5. The image of the adjoint map M x (e + m"*") — > g is contained in e + m"*". 

Proof. Since m is a nilpotent subalgebra, the group M is generated by the elements 
exp ad m where m runs through m. It suffices to show that for all m G m and all x G m"*", 
exp(adm)(e + x) belongs to e + m"*". Let m € m and x G ra^. We have 

exp(adm)(e + x) = e + x + [m, e + x] + ■ ■ ■ + —(adm)''(e + x) 

for k big enough because adm is nilpotent. For all i G N, (adm)*(e) G by condition 
(Al) of Definition [TJ On the other hand, since x G m^, we have (m', [m,x]) = for all 
m' G m, whence (adm)*(x) G for all z G N. Thus, exp(adm)(e + x) G e + m"*" and 
the lemma is proved. □ 

By Lemma [3.51 by restriction we define the map, 

a : Mx(e + s) — > e + m^. 

We define a C*-action on M x (e + s) by setting: 

t.{g,x) := {^{t-^)g^{t),p{t){x)), 

for all t G C*, 5 G M and x G e+s. The action is well defined since 7(t~"^)(exp adm)7(t) = 
exp ad(7(t~^)(m)) belongs to M for all m G m. 

Lemma 3.6. (i) For all {g,x) G M x (e + s), we have: limt.{g,x) = (id,e). 
(ii) The morphism a is C* -equivariant. 

Proof, (i) Since the C*-action on e + s is contracting (cf. Lemma [3. 3p . it suffices to show 
that 7(t~^)(exp adm)7(t) id for all m G m. Let m G m. By Lemma [3. 'if i). we have 

i— i-0 

'y(t~^)(m) > 0, whence 

7(t~^)(exp adm)7(t) = exp ad(7(t^"'^)(m)) > exp(O) = id. 

(ii) For t £ C*, g G G and x G e + m^, we have: 

a{t.{g,x)) = a{j{t~')g^{t),p{t){x)) = j{t~')g^{t){p{t){x)) 

= 7{t'')g7{t){tP^{t~^)ix)) = tP^{t-^){gix)) = pmgix)) = t.a{g,x). 

□ 

Theorem 3.7. The map 

a : M X {e + s) — > e + m-^ 
is an isomorphism of affine varieties. 
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Proof. Recall the following general result stated in |7j Proof of Lemma 2.1]: 

An equivariant morphism (3 : Xi — )■ X2 of smooth affine C* -varieties with contracting 
C* -actions which induces an isomorphism between the tangent spaces of the C* -fixed 
points must be an isomorphism. 

By Lemma I3.6| it suffices to show that the differential of a at (id, e) induces an 
isomorphism between the tangent space T^jj g)(M x (e + s)) = m x s of M x (e + s) 
at (id, e) and the tangent space Te(e + m"*") = m"*" of e + m"*" at e. In fact, the sets of 
C*-fixed points of M x (e + s) and e + m"*" are {(id, e)} and {e} respectively. 

We have da^[d,e)i^ x s) = [m, e] +s by the computation as in the proof of Theorem 13.41 
and, by Lemma [3.2f ii). [m, e] + 5 = m-'- . Hence the map da^^^ f,^ is surjective. Therefore 
it is an isomorphism between m x s and m"*" for dimension reasons and the theorem 
follows. □ 

Recall that the algebra q* has a natural structure of Poisson variety given by 

for Fi,F2 G C[g*] and ^ G 0* where, for i = 1,2, d-Fi(^) denotes the differential of Fj 
at ^. The symplectic leaves of g* are the coadjoint orbits of q* , [19, Proposition 3.1]. In 
particular, the coadjoint orbits form a disjoint union of g* and each orbit has a symplectic 
variety structure. 

Proposition 3.8. The variety S <Z Q* inherits a Poisson structure from that of q* . 
Proof. By |19^ Proposition 3.10 and Remark 3.11], it suffices to show that: 

#Ann(T55) n ^S) = {0}, 
where Ann(Tj5) is the annihilator of T^S ~ ^(5) in (T^g*)* ~ (g*)* ~ g and 

#^ : r|g* ^ g T^g* c^g*,a^ ^([a, •]). 
In fact, by Theorem 13. 4| the condition (i) of [19, Remark 3.11] is satisfied. We have 
Ann(Tg5) = {x G g ; r]{x) = 0, for ah r] G k(s)} = S"^. 

Therefore, 

#Ann(T55) = {k-\0,[^^ , ■]) = ■) = ^([^-^(0,5^])- 

We are led to check that the intersection, 

'^(['^"'(0,5^]) n ms) = k{[k-\0,^^]) n K(5) = k([k-1(0,s^]) ns), 

is zero. So, the proposition follows from Lemma [3.91 below. □ 
Lemma 3.9. Let ^ G 5. Then [k~'^ {C) , 5-^] (15 = {0}. 

Proof. Let y C e + s be the set of y G e + s verifying [y,S"'"] n s 7^ {0}. As s and S"*" 
are ad /I'-stable, we have for all t G C*, p{t)[[y,5^] n s) = [p{t)y,s-^] n s. Therefore, p 
stabilizes Y. On the other hand, by Lemma [3.21 e belongs to (e + s) \ Y. Hence at each 
point y' in some open neighborhood of e in e + s, we have y' G (e + s) \ Y. 

Suppose that Y ^ and let y £ Y. Since p stabilizes Y, we have p{t)y G Y for 
all t G C*. But for t small enough, p{t)y belongs to the open neighborhood V of e, 
contradiction. □ 
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Remark 3.10. The latter proof follows the strategy in [71 §3.1]. In [71 §3.2], Gan and 
Ginzburg give an alternative proof of Proposition (for s = g-'^J. The arguments used 
in [71 §3.2] can be applied in our cases. In fact, the hypotheses of [191 Theorem 7.31] 
are satisfied by Theorems \3.4\ et \3.7[ In particular, the Poisson bracket on C[S] may be 
described as follows. Let 

r/ : x + m° ^ (x + m°)/M ~5 
be the projection map given by the coadjoint action of M f Theorem \3. 7|) . Let Fi,F2 G 
C[S] and Fi, F2 arbitrary extensions of Fi o r] C[x + and F2 or] G C[x + vci°] to q* 
respectively. Then, if c denotes the inclusion x + m° ^ 3*, we have: 

{Fi,F2}o7^ = {Fi,F2}oi. 
4. An analogue of the Kazhdan filtration 

As in previous sections, we fix a closed subset A4 of TZ~^ verifying conditions (CI), 
(C2) and (C3) of Theorem 12.71 Let m := be the corresponding f)-stable and x- 

admissible subalgebra of g contained in n^, s = s(A^) be the subspace of m-*- given by 
formula ^ and S = x + k(s). 

We define the algebra H{q,x,'<^) by formula ^ as explained in the Introduction. 
It will be simplier denoted hy H. In the same way, we denote by / and Q the ideal 
/(g,X,Tn) and the quotient (5(g,X)'Ti) respectively. The aim of this section is to prove 
the existence of an increasing filtration J-" on U{q) that induces a (positive) filtration on 
H and a graded algebra structure on gfjr H such that grjrH ~ C[S]. 

Let <S'(g) be the symmetric algebra of g and S{q) = 0jg2 S^{q) be the standard grad- 
ing of S{g) given by the degree of the elements. The adjoint action of ad h' on g uniquely 
extends to a derivation on S{q) and for any i G Z, let 5'j(g) := {x G ^(g) ; (ad/i')(x) = 
ix}. For A; G Z, we set 

i+pj=k 

This defines a Z-grading on S{q). Since the symmetric algebra S{q) is canonically 
isomorphic to C[g*], the algebra of regular functions on g*, the grading Qf^^zS{Q)[k] 
induces a grading on C[g*] that we describe below, once again following [3 Section 4] 
for the case where m = m^^. We define a linear action of C* on g* by setting: 

p«(t)(e) := t-P^mO, for all t G C*, ^ G g*. 

We have an induced C*-action on C[g*] and we set, for A: G Z, 

C[g*](A;) := {F G C[g*] | p\t){F) = t^F, for ah t G C*}. 

Lemma 4.1. For all /c G Z, the subspace C[g*](A;) o/C[g*] is identified, via the canonical 
isomorphism C[g*] ~ S{q), to the subspace S'(g)[/c] of S{q). 

Proof. Let {i,j) G and x G ^^(g) H S^{q) verifying i + pj = k. Denote by Fx the 
element of C[g*] corresponding to x. One can assume that x is of form x = xi . . . Xj with 
X/ G g for all Z G {1, . . . , j}. For ^ G g* and t G C*, we have: 

j 3 

1=1 1=1 

As X G S'j(g), we have 7(t)(x) = fx. We deduce that p^{t){Fx) = f+P^F^, i.e. F^ G 

C[Q*]ii+pj)=C[Q*]ik). □ 



17 



Lemma 4.2. (i) For x € g(A, j) and t E C*, we have p^{t)K{x) = t^~^K{x). In particu- 
lar, since e € 0(A,p), we have p^{t)x = X- 

(ii) The subspaces k(s) andrn" are p^-stahle and the p^-weights on D s are negative 
integers. 

Proof, (i) For x G g(A, j), we have = t-Pj{t)K{x) = t-PK{'y{t){x)) = P-Pk{x). 

(ii) The subspaces k(s) and m° are /O^-stable because s and m"*" are ad /I'-stable. As 
C g(A, j) (cf. Theorem 12.7^ 03)). the weights on K(m^) = m° are the 

integers j — p, for j ^ p — 1. Thus, they are negative integers. □ 

By Lemma [4. 21 the map p^ induces a C*-action on C[S] = C[x + ^(s)] and on C[x + Tn°] 
and these two algebras are so endowed with graded algebra structures. Moreover, we 
have: 

Lemma 4.3. The grading on C[S] (resp. on C[x + m°]j has no negative graded compo- 
nents and C[5](0) ~ C {resp. C[x + m°i(0) ~ C). 

Proof. We begin by proving the lemma for C[5]. Let us fix a basis (zi, • • • , z^) of s where 
Zi G g(A, dj). By Lemma I3.2n ). we have dj ^ p — 1. Then the elements (e, zi, • • • , Zg) 
are linearly independent. Set zq := e and let us complete this set by homogeneous 
elements for the grading g = g(A, j) to a basis (zq, -Zi, • ' ' ) -^sj -^s+ii ■ ■ ■ ^r) of g. Let 

[ifQ, • • • , be the dual basis of {k{zq), ■ ■ ■ , K{zr)). Then C[g*] = C[(^0) ■ ■ ■ j fr] and for 
all i G {0, • • • , r}, we have 

r 

3=0 

whence = t^'^^+P^pi. Let C C[g*] be the ideal of S. Then 

= {F G C[v9o, ■■■ ,ipr]; F{K{e) + K(zi)) = 0, for ah i G {1, • • • , s}}. 

The above equality shows that T{S) is the ideal of C[g*] generated by the functions 
ipQ — l, • • • ,^r- Then, C[S] = C[ijji, ■ ■ ■ , tpg] where ipi is the class of (pi modulo I{S) 
for all i. Note that T{S) is stable under the action pK Therefore, for i G {1, • • ■ , s}, ipi 
is of p^-weight —di + p ^ 1 because di ^p—1. We deduce that C[5] has positive graded 
components. Moreover, F G C[5] is of weight zero if and only if F is constant. 

The same arguments go for x + nT° since nx"'" C ^3j^p— i 

g(A, j) (cf. Lemma EJ^i)). □ 

Let U{q) be the universal enveloping algebra of g and ([/■'(g))j be its standard filtra- 
tion. The adjoint action of h' on g uniquely extends to a derivation on C/(g) and we set, 
for all i €z7j, J7i(g) := {x G U{q) ; (ad/i')(x) = ix}. Let J-" be the increasing filtration of 
U (g) defined by, 

TkU{g) := UiiQ) n W{q), (k G Z). 

For (r, s) G Z^, x G U^{q) (resp. x G f/r(g)) and y G C/*(g) (resp. y G f/s(g)), notice 
that [x,y] G f/'+'^Hfl) (resp. [a:;,y] G C/r+s(g))- If x G JS-^7(g) and y G J's?7(g), 
then we have [x,y] G J>+s_pf/(g). By the Poincare-Birkhoff-Witt Theorem it follows 
that grjrf7(g) are S{q) isomorphic as graded algebras. Here, ^(g) is equipped with 
the grading (5'(g)[/i;])fc and grjr[/(g) is the graded algebra of U{q) with respect to the 
filtration J", i.e. grjr?7(g) = 0^ grjr^fc C/(g) where gr^- ^/(g) := JfcC/(g)/71._if7(g). 
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Remark 4.4. Since U{q) is almost commutative with respect to the filtration T (c/. 
[21 Definition 1.3.1]), the (commutative) graded algebra gr^r [/(g) has a natural Pois- 
son structure. This Poisson structure coincides with the natural Poisson structure on 

gV^U{Q)^S{Q)^C[Q*]. 

Recall that Q is the quotient U{q)/I. Let vr : U{q) — t- Q be the quotient map and set 

TkQ:=TT{TkU{Q)), (keZ). 
This endows Q with the structure of a filtered module over U{q). 

Let gr TT : grU (q) — )• gr Q be the associated graded surjective homomorphism. We have 
gr^Q ~ grjrU^Q)/ grjrl (cf. e.g. [181 Proposition 7.5.3]), and in particular, grjrl is the 
kernel of gr(7r). 

Lemma 4.5. Via the isomorphism gr jrU{Q) ~ we identify the kernel gijrl of 

gr(7r) to the ideal I{x~^^°) ofC[Q*] consisting of all polynomial functions on q* vanishing 
on x + va°. 

Proof. Let (yi, • • • , ym) be a basis of m that we complete to a basis 

(yi, • • • ,ym,ym+i, ■ ■ ■ ,yr) 

of Q. Since m is ad /I'-stable, we can assume that yi G Q{A,di), where € Z for all 
i e {!, - ■ ■ , r}. Let i G {1, • • • , r}. We set, 

Vi ■■= Vi - xivi)- 

By Theorem l2.7l fC3). we have ^ g(A,j) C m. Therefore, for i > m, we have di ^ 

-p+ 1. If di / -p, then xiUi) = {e,yi) = because e G s(A,p). Hence, y^ = y^ e 
UHq) n C/d,(B) C Jp+rf,f/(0). It follows that 

m r m 

(10) X = X] ^(yi)^! + xiyj)yj = ^(yj)yj- 

j=l j=m+l j=l 

Furthermore, by (i), ker gr(7r) = gijrl is generated by the elements yj + ^p+di~iU {q) for 
i G {1, • • • , m}. Let (yjj', • • • , y*) be the dual basis of (yi, . . . , y^). The set v{gijrl) of the 

r 

common zeros of gi'jrl is the set of the elements V' = -^^2/1 ^ 0*' with (Ai, . . . , A^) G 

i=i 

C^, verifying ip{yi) = 0, for all i G {1, • • • , m}, i.e. Aj = x(yi) for all i G {1, • • • , m}. In 
other words, since (y^^i, ■ ■ ■ ,y*) is a basis of m°, an element ^/^ of g* belongs to ^{grjrl) 
if and only if ip belongs to x + m° by (|10p . Therefore, the ideal X(x + m°) of polynomial 
functions on g* vanishing on x + Tn° is equal to X(i^(grjr/)) = y^gijr I = gTjr I because 
/ is the ideal generated by the affine functions x — x{x) where x G m. □ 

Proposition 4.6. We have an m-equivariant isomorphism, 

^ : gr^Q^C[x + m°], 

between the graded algebras grjrQ and C[x + na°]. 

Proof. Recall that one has the graded algebras isomorphisms: grjrC/(g) ~ S{q) ~ C[g*]. 
By Lemma [4.51 we deduce the following isomorphisms: 

gr^ Q ^ gr^ U{Q)/gr^ I ^ C[q*]/I{x + m°) C[x + m°]. 

It follows that we have a graded algebra isomorphism : grjrQ — > C[x + Tn°]. The 
canonical isomorphism S{g) ~ C[g*] is g-equivariant. As gijrl ~ X{x + Tn°) is an 
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m-equivariant isomorphism, the isomorphism i!) is also m-equivariant. At last, by con- 
struction of the grading on C[x + Tn°], the isomorphism ■& clearly preserves the graded 
algebra structures. □ 

Since the adjoint action of m stabilizes both I and TkU{Q) for all k, the filtration 
iJ~kQ)k induces a filtration on H via the inclusion H ^ Q. Note that gTjrH gTjrQ 
is an injective liomomorphism of graded algebras. Let u : C[x + Tn°] — > C[5] be the 
comorphism corresponding to the inclusion 5 x + ^T^"- By Proposition I4.6| we have a 
homomorphism of graded algebras v : gi jr H ^ C[S]. 

In the next section, we prove the main result of this paper: 

Theorem 4.7. The homomorphism 

V : gT^H C[S] 
is an isomorphism of graded Poisson algebras. 



5. The proof of the main result 

The aim of this section is to prove Theorem 14. 71 We will follow the strategy [TJ Section 
5] that can be readily applied to our case as we will show. 

Recall that the adjoint action of m on U{q) induces an action on Q (because m stabilizes 
/). Consider the standard cochain complex of the m- module Q: 

0^C° ^C^ ^ ...^C' ^ ... 

where C' := Hom(A* m, Q) ~ (A' m)* ® Q ~ A' ® Q, and let d' : C' ^ C'+^ be the 
corresponding differential maps. For all j E Z, we set xn*{j) := {S, € m*; (ad* h')(^ = j^}; 
observe that m*{j) ~ {g{A,-j) nm)*. Let i G N. Since m C g(A,j), we have the 

inclusion m* C and, 

i i i 

A"^* = ©(A"^% °^ (A"^*)'?^= © m*(ji)/\.../\m*(j.). 
We define an increasing filtration on by setting: 

i 

q+j^k 

Note that = Q and that ^kC^ = FkQ for ah k. Moreover, ^^.C* = for /c smah 
enough. 

Lemma 5.1. The complex C is stabilized by the filtration, i.e. d{-^kC'') C ^fcC*^"*^ for 
all i. 

Proof. Let / G -^kC^] let us show that df G ^^C*"^^. We can assume that f = ip ® v 
where ip G (A* ^*)q and v G J-jQ such that q + j ^ k. Let 11, • • • , li+i be elements of 
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m such that for ah r G {1, • • • , i + 1}, Yr G 0(A, A,.) with ^ —1. Then 

i+l 

A • • • A = ^(-i)'yr /(n a--- ai^ a--- Ayi+i) + 
1=1 

i+l 

= ^(-l)'ll • ((/?(Yi A • • • A 11 A • • • A Y,+i)v) + 
1=1 

(-i)'+X[y,, y„] A yi A • • • 11 • • • A y„ A • • • A y^+i)v 

l^Km^i+l 

If ^ Ar 7^ —q, then ip{YiA- • • AYJ A - • • Ayj+i) is zero. On the other hand, Yiv G J^j^x^Q. 
Similarly, if X] A^ 7^ -q, then (/^([yj, y^], yi A • • • Ay^ A • • • Ay^ A • • • Ayj+i) is zero. Thus, 

r 

df G E(A' m*)g_A J-j+aQ + (A' m*)<? ^ -^jQ, as a result, Of G ^fcC^+^ □ 
A 

Recall that the m- module structure on Q induces an m- module structure on gi jrQ. 
Let us consider the complex, 

i i i 

G' := Hom(/\m,gr^Q) ~ (/\ m)* (g) gr^- Q ~ /\m* 0gr^Q, 

associated to gr^rQ, and denote by 5 the corresponding differential map. We have a 
grading on given by G' = Gj^ where Gl := {^'m*)g T^Q/T^+^Q, with 

k q+j=k 

pQ ■= J='_jQ. For /c G Z and z G N, we set 

such that the filtration (^'^C*)fc is decreasing and ^^G^ = for i big enough. 

Remark 5.2. Let {k,i) G Z x N. 

1) We have G| ~ ^'^CV^'^+^C*. 

2) W^e /iai)e C G]^^ ; This follows from Lemma \5J[ 

The inclusion ^^{G^) ^ C* induces a homomorphism W{,^^{G')) H^{G'). By 
setting ,!f^W{m, Q) to be the image of W{.^^{G*)) in H^{G*), we define a filtration on 
i/^(C7') = W{m,Q). In other words, 

ima* ^ n J^'^C* 
We can then consider the associated graded algebra: 

gv^H\m,Q) = ^^''H\m,Q)/J^''+'H\m,Q). 

k 

Remark 5.3. For i = 0, we have gr^ H^{m, Q) = gr ^ Q"^ = grj- Q*". 
Our next step is to show that 

First, we set up the following: 
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Proposition 5.4. (i) We have an isomorphism H^{m.,grjrQ) ~ C[S]. 
(ii) For all i > 0, we have W{m,grjrQ) = 0. 

Proof, (i) The isomorphism a : M x S x~^^° Theorem 13.71 induces an isomorphism 

a* : C[x + m°] ^ C[M](E)C[S]. 

The group M acts on M x 5 by x.{y, s) = {xy, s), with x,y(zMets(zS, and on x + iTi° 
by the coadjoint action. This induces actions of M on C[M] (8) C[S] and on C[x + Tn°]. 
We easily verify that a and a* are M-equivariant for these actions. Thus, 

C[x + m°]^' ~ (C[M] C[S]f ~ C[M]*^ C[5] ~ C[S] 
because C[M]^^ = C. On the other hand, by Proposition 14. 6| we have 

C[x + mT = C[X + mT = H^m, C[x + m°]) = H'>{m, gr^ Q). 
We have then obtained the desired isomorphism: 

(ii) The isomorphisms 'd : gijrQ C[x + m°] and a* : C[x + m°] C[M] (g)C[5] give, 
for ah i ^ 0, 

H'{m, gr^ Q) ~ H\m, C[x + m°]) ~ H\m, C[M] C[5]). 

As a consequence of the M-action on M xS, we have W{m, C[M](g)C[5]) = W{m, C[M])(g) 
C[S]. On the other hand, it follows from [4, Theorem 10.1] (or |10[ Lemma 5.1] or [8j) 
that -ff*(m, C[M]) is the i-th De Rham cohomology group for M. The latter is zero by [9l 
Ch. Ill, Theorem 3.7]. As a conclusion, i?*(m, C[Af] (g) C[S]) = H'{m, C[M]) (g) C[S] = 0, 
and the assertion (ii) follows. □ 

Given Proposition 15.41 ^1) . we would like to show that gijr H^(xn,Q) ~ H^(m.,grjr Q). 
As in [3 Section 5], we can do this by using spectral sequences. By Lemma l5.1| we can 
associate to the filtration {^^C*)k the spectral sequence given by: 

^k(jk+l Pi q—1 ^^k+m^k+l+l'^ _j_ ^k+l^k+l 



rpk,l 



jpk^l 



Q(^^k-m+l(Jk+l-l PI d-'^{,^^C^+'-)) + .:^k+l(Jk+V 

ker(a) n .^^C^+^ + :^k+i^k+i 



im(a) n ^kck+i + ^^k+iQk+i 
E' ■= H\C) = W{m,Q). 

It follows from [3, Ch. XV, Section 4] that 

(11) E^J^gT,^^^E^+K 

We define a grading on /f*(m, grj^ Q) by setting 



H\m,gT^^Q)k :-- 



ker((5) n Gl 



6{G 



k 



Lemma 5.5. (i) For all k,l ^Z, we have E^''' ~ H^^\m,gr^ Q)k- 
(ii) We have gr^ H^{m, Q) ~ H^{m, gr_^ Q). 

Proof, (i) We have 



Remark 15.21 and the following commutative diagram. 
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give US, 

ker((5) n ^''Cy^''+^C' ^^C^ n (^'=+1(7^+1) + ^''+^C' 



In particular, when i = k + I, we obtain (i). 

(ii) By Proposition I5.4f ii). for all {k,l) € such that A; + / > 0, we have i?^'' ~ 
i7^+'(m, gr,^ Q)k = 0. Since = for all i < 0, for all (A;, /) G such that A; + / < 0, 
we have E^'^ = 0. 

Let k,l verifying A; + / = and 1 < s < oo. By what foregoes, we have = 
for u + V = —1 and E'"'^ = for u + v = \. It follows from [3, Ch. XV, Proposition 5.2] 
that 

^f'' ~ for aU s > 1. 

The spectral sequence {Es'^)s is stationary. As a consequence, ~ E^K By (i), we 
have e'^'^ ~ ij'=+'(m, gr_^ = iJ°(m, gr^^ Q)^. On the other hand, by we have 
E^^ ~ gr^^fc ii''=+'(m, Q) = gr^^fc H%m, Q), whence (ii). □ 

We are now in the position to prove Theorem 14.71 

Proof of Theorem \4. 7[ By Proposition I5.4f i) and Lemma [5.5( 11). we have: 

C[S] ~ i/°(m,gr^Q) = i^^Kgr^Q) ~ gv^H''{m,Q) = gr^i^^KQ) = gi^H. 

It remains to show that u is an isomorphism of graded Poisson algebras. This follows from 
Proposition 13.81 and Remark 14.41 The graded algebra structures are clearly preserved as 
we saw before (at the end of Section H]) . □ 

Remark 5.6. For all i > 0, one has W{m, Q) = 0. 

Proof of Remark \5. 61 Let k,l E Z be such that k + I > 0. By Lemma 15.51 (proof of 
(ii)), we have E^'^ = H^+\m,gT^^ Q)k = 0. By [31 Ch. XV, Proposition 5.1], we deduce 
that = E^^ = gx^^j,H^+\m,Q). Thus, gr^i7'(m,Q) = for ah i > 0. Hence, 
^^H\m, Q) = ^^+^H\m, Q) for ah k and ah i > 0. For k big enough, ^''H'{m, Q) = 
0. We deduce that ^^W{xn, Q) = for all k and the remark follows. □ 

Let C be the abelian category of finitely generated left ?7(g)-modules on which the 
element m — x{^) ^-cts locally nilpotently for each m S m and C the category of finitely 
generated left iif-modules. 

Recall that the Skryabin's equivalence [171 ^^^s up a category equivalence between the 
categories C and C when m = m^. This extends to our case: 

Theorem 5.7. The functor V Q ®h V sets up an equivalence of the categories C 
and C. The inverse equivalence is given by the functor E i-^ Wh(£^) where Wh(£') := 
{x E ; mx = xim)x, for all m € m}. 
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The same lines of arguments as used in [7, Section 6] can be applied to our situation, 
so we will not repeat the proof. 

Theorem 15.71 raises natural questions: 

* Do the algebras H(Q,e,m) depend up to isomorphism on the choice of the x- 
admissible algebra m? 

* If not, what (new?) representations of g do we obtain from the Skryabin's equiva- 
lence? 
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